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Abstract
In this paper, we consider a two-dimensional non-resistive magnetohydrodynamic model,
taking the fluctuation of absolute temperature into account. Combining the method of weak
convergence developed by Lions [20], Feireisl et al. [7, 8] from compressible Navier-Stokes(-
Fourier) system and the new technique of variable reduction proposed by Vasseur et al. [26]
and refined by Novotny´ et al. [22] from compressible two-fluid models, weak solutions are
shown to exist globally in time with finite energy initial data. The result is the first one on
global solvability to full compressible, viscous, non-resistive magnetohydrodynamic system in
multi-dimensions with large initial data.
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1 Introduction
1.1 Background and governing equations
Magnetohydrodynamics (“MHD” in short) is concerned with the mutual interactions between
electively conducting, heat-conductive fluids and magnetic field. The applications of MHD
cover astrophysics, thermonuclear reactions and industry, among many others. Due to its phys-
ical importance and mathematical challenges, a lot of efforts have been devoted to theoretical
analysis and numerical simulations by mathematicians. In mathematics, a simplified but still
physically acceptable full compressible MHD model is described through the following partial
differential equations in (0, T )× RN (see [3, 5]):
∂t̺+ divx(̺V) = 0, (1.1)
∂t(̺V) + divx(̺V ⊗V) +∇xp(̺, ϑ) = divxS(ϑ,∇xV) + curlxB×B, (1.2)
∂t(̺s) + divx(̺sV) + divx
(q
ϑ
)
≥ 1
ϑ
(
S(ϑ,∇xV) : ∇xV − q · ∇xϑ
ϑ
+ ν|curlxB|2
)
, (1.3)
∂tB = curlx(V ×B)− curlx(νcurlxB), (1.4)
∂t
(
1
2
̺|V|2 + ̺e+ 1
2
|B|2
)
+ divx
[(
1
2
̺|V|2 + ̺e+ p(̺, ϑ)
)
V
]
= divx [(V ×B)×B+ νB× curlxB− q+ S(ϑ,∇xV)V] , (1.5)
divxB = 0. (1.6)
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Here, the unknowns ̺,V ∈ RN ,B ∈ RN , ϑ represent the density, velocity, magnetic field and
temperature respectively. s, e, p depending on ̺, ϑ are the entropy, internal energy and pressure
respectively. S(ϑ,∇xV) is the viscous stress tensor given by
S(ϑ,∇xV) = µ(ϑ)
(
∇xV +∇txV −
2
N
divxVI
)
+ η(ϑ)divxVI,
where µ(ϑ) and η(ϑ) are the shear and bulk viscosity coefficients respectively. q is the heat flux
obeying Fourier’s law
q = −κ(ϑ)∇xϑ,
with κ(ϑ) being the heat conductivity coefficient. ν is the resistivity coefficient, representing
the diffusion of magnetic field. In accordance with Gibbs’ relation,
ϑDs(̺, ϑ) = De(̺, ϑ) + p(̺, ϑ)D
(
1
̺
)
. (1.7)
Moreover, thermodynamic stability conditions read as
∂p
∂̺
(̺, ϑ) > 0,
∂e
∂ϑ
(̺, ϑ) > 0 for any ̺, ϑ > 0. (1.8)
Based on the ideas from compressible Navier-Stokes system [8, 10, 20] and Navier-Stokes-
Fourier system [6], Ducomet and Feireisl [5] first proved the existence of global weak solutions to
the full compressible MHD system (1.1)-(1.8) with finite energy initial data. We refer to Hu and
Wang [11], Li and Guo [18] for relevant results with general constitutive laws of thermodynamic
functions. It should be mentioned that in these works the viscosities are present in the equations
of velocity, magnetic field and temperature.
In recent years, a lot of mathematicians focused attention on the incompressible MHD
system with partial dissipations. Lin et al. [19] proved global small smooth solutions to 2D
viscous non-resistive incompressible MHD system; the case of 3D was later handled by Xu and
Zhang [29]. We refer to [23, 30] for more results on 2D viscous non-resistive incompressible
MHD system. However, the problem is much more involved when constructing global-in-time
solutions to the compressible MHD system with partial dissipations. Jiang and Zhang [12]
first proved global well-posedness for 1D isentropic viscous non-resistive MHD system with
large initial data. Global well-posedness to planar full MHD model of viscous non-resistive
fluids was shown in [14] with large initial data. Again in the simplified 1D regime, existence,
uniqueness and stability of weak solutions to viscous non-resistive MHD system were proved
in [15, 16] with large initial data. Relevant results in multi-dimensions seem not so fruitful
due to mathematical challenges. Wu and Wu [28] obtained global small smooth solutions to 2D
compressible MHD without magnetic diffusion; Tan and Wang [27] proved global well-posedness
to the corresponding 3D case with small initial data. Li and Sun [17] proved the existence of
global weak solutions to a 2D compressible isentropic MHD system of viscous non-resistive
fluids with finite energy initial data. Feireisl and Li [9] obtained the existence of infinitely
many global weak solutions to 3D compressible barotropic MHD system with only magnetic
diffusion for any smooth initial data; similar result was also obtained therein for a 2D full MHD
system. As a consequence, the existence of global-in-time weak solutions to full compressible
MHD system of viscous non-resistive fluids in multi-dimensional spaces with large initial data
remains open.
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Restricted by mathematical tools, we consider a simplified situation where the motion of
fluids takes places in the plane, while the magnetic field acts on the fluids only in the vertical
direction, i.e., by choosing{
̺(t, x) = ̺(t, x1, x2), B = (0, 0, b)(t, x1, x2),
ϑ(t, x) = ϑ(t, x1, x2), V(t, x) = (u1, u2, 0)(t, x1, x2) =: u(t, x1, x2).
(1.9)
For brevity, we will from now on denote by x the two-dimensional spatial variables (x1, x2).
Assuming the fluids occupy a bounded smooth domain Ω ⊂ R2 and zero resistivity, MHD
system (1.1)-(1.6), under (1.9), reduces to
∂t̺+ divx(̺u) = 0, (1.10)
∂t(̺u) + divx(̺u⊗ u) +∇x
(
p(̺, ϑ) +
1
2
b2
)
= divxS(ϑ,∇xu), (1.11)
∂t(̺s) + divx(̺su) + divx
(q
ϑ
)
≥ 1
ϑ
(
S(ϑ,∇xu) : ∇xu− q · ∇xϑ
ϑ
)
, (1.12)
∂tb + divx(bu) = 0, (1.13)
∂t
(
1
2
̺|u|2 + ̺e+ 1
2
b2
)
+ divx
[(
1
2
̺|u|2 + ̺e+ p(̺, ϑ) + b2
)
u
]
= divx [−q+ S(ϑ,∇xu)u] , (1.14)
supplemented with the initial conditions{
̺|t=0 = ̺0, ̺u|t=0 = ̺0u0,
̺s|t=0 = ̺0s(̺0, ϑ0), b|t=0 = b0,
(1.15)
together with the boundary conditions
u|∂Ω = 0, q · n|∂Ω = 0, (1.16)
where n is the unit outward normal on ∂Ω.
1.2 Structural conditions
To simplify the presentation and include physically relevant cases, we assume the transport
coefficients take the form {
µ(ϑ) = µ0 + µ1ϑ, µ0, µ1 > 0, η = 0,
κ(ϑ) = κ0 + κ2ϑ
2 + κ3ϑ
3, κ0, κ2, κ3 > 0,
(1.17)
in agreement with [7]. To proceed, motivated by the Navier-Stokes-Fourier system [7] and the
full MHD system [5], the pressure p(̺, ϑ) takes the form
p(̺, ϑ) = ̺ϑ+ ̺γ︸ ︷︷ ︸
pM (̺,ϑ)
+
a
3
ϑ4︸︷︷︸
pR(ϑ)
(1.18)
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for some a > 0 and γ > 1. In fact, the term “pR(ϑ) =
a
3ϑ
4” is often referred to the radiation
component due to Stefan-Boltzmann law. As a consequence of Gibbs’ relation, one finds that
the specific internal energy obeys
e(̺, ϑ) =
1
γ − 1̺
γ−1 + cV ϑ︸ ︷︷ ︸
eM (̺,ϑ)
+ a
ϑ4
̺︸︷︷︸
eR(̺,ϑ)
. (1.19)
Here cV stands for the specific heat at constant volume, which is assumed to be a positive
constant for the sake of simplicity. Finally, we deduce from Gibbs’ relation, (1.18) and (1.19)
that
s(̺, ϑ) = log
ϑcV
̺︸ ︷︷ ︸
sM (̺,ϑ)
+
4a
3
ϑ3
̺︸ ︷︷ ︸
sR(̺,ϑ)
. (1.20)
Remark 1.1 The term ̺ϑ in pM (̺, ϑ) is usually called Boyle’s law. Moreover, pM (̺, ϑ) with
the specific value γ = 53 may be viewed as a good approximation for liquids, see Chapter 1 in
the monograph [6] for more discussions with different values of γ.
2 Weak formulation and main result
2.1 Definition of weak solutions
We now introduce the definition of weak solutions.
Definition 2.1 (̺,u, b, ϑ) is said to be a weak solution to (1.10)-(1.16) in the time-space do-
main (0, T )× Ω provided that
• regularities:
̺ ≥ 0, ϑ > 0 a.e. in (0, T )× Ω,
̺ ∈ L∞(0, T ;Lγ(Ω)), b ∈ L∞(0, T ;L2(Ω)), u ∈ L2(0, T ;W 1,20 (Ω;R2)),
ϑ ∈ L∞(0, T ;L4(Ω)) ∩ L2(0, T ;W 1,2(Ω));
• the continuity equation:∫ T
0
∫
Ω
(
̺∂tφ+ ̺u · ∇xφ
)
dxdt =
∫
Ω
̺0φ(0, ·)dx (2.1)
for any φ ∈ C∞c ([0, T )× Ω);
• balance of momentum:∫ T
0
∫
Ω
(
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
p(̺, ϑ) +
1
2
b2
)
divxφ
− S(ϑ,∇xu) : ∇xφ
)
dxdt =
∫
Ω
̺0u0 · φ(0, ·)dx (2.2)
for any φ ∈ C∞c ([0, T )× Ω;R2);
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• principle of entropy production:∫ T
0
∫
Ω
(
̺s∂tφ+ ̺su · ∇xφ+ q · ∇xφ
ϑ
)
dxdt
+
∫ T
0
∫
Ω
φ
ϑ
(
S(ϑ,∇xu) : ∇xu− q · ∇xϑ
ϑ
)
dxdt ≤
∫
Ω
̺0s(̺0, ϑ0)φ(0, ·)dx (2.3)
for any φ ∈ C∞c ([0, T )× Ω), φ ≥ 0;
• non-resistive magnetic equation:∫ T
0
∫
Ω
(
b∂tφ+ bu · ∇xφ
)
dxdt =
∫
Ω
b0φ(0, ·)dx (2.4)
for any φ ∈ C∞c ([0, T )× Ω);
• conservation of total energy:∫
Ω
(
1
2
̺|u|2 + ̺e+ 1
2
b2
)
(τ, x)dx =
∫
Ω
(
1
2
̺0|u0|2 + ̺0e0 + 1
2
b20
)
dx (2.5)
for a.e. τ ∈ (0, T ).
Remark 2.1 It follows from the regularities of (̺, b,u) and the theory of renormalization due
to DiPerna and Lions [4] that the continuity and Maxwell’s equations are satisfied in the renor-
malized sense:
∂tf(̺) + divx(f(̺)u) + (f
′(̺)̺− f(̺))divxu = 0 in D′((0, T )× Ω),
∂tf(b) + divx(f(b)u) + (f
′(b)b− f(b))divxu = 0 in D′((0, T )× Ω),
for any f ∈ C1(R) such that f ′(z) = 0 if z is sufficiently large.
2.2 Main result
The main result of this paper is concerned with the existence of global weak solutions with
large initial data.
Theorem 2.1 Let the structural hypotheses (1.17)-(1.20) be in force. Let γ > 1 and Ω ⊂ R2
be a bounded domain of class C2,α, α > 0. Let the initial data (̺0,u0, b0, ϑ0) be subject to

0 < ̺0 ≤ ̺0 ≤ ̺0 <∞, a.e. in Ω,
0 < b0 ≤ b0 ≤ b0 <∞, a.e. in Ω,
0 < ϑ0 ≤ ϑ0 ≤ ϑ0 <∞, a.e. in Ω,
(2.6)


̺0s(̺0, ϑ0) ∈ L1(Ω),
̺0e(̺0, ϑ0) ∈ L1(Ω),
u0 ∈ L2(Ω;R2).
(2.7)
Then there exists a global weak solution to the initial-boundary value problem (1.10)-(1.16)
in the sense of Definition 2.1.
6
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Remark 2.2 Notice that the conditions (2.6)1 and (2.6)2 are designed to ensure the domination
between the initial density and magnetic field. Alternatively, one may impose:
̺0 ≥ 0, C̺0 ≤ b0 ≤ C̺0 a.e. in Ω,
̺0 ∈ Lγ(Ω), b0 ∈ L2(Ω), m0√
̺0
∈ L2(Ω;R2),
m0 = 0 a.e. in {x ∈ Ω : ̺0(x) = 0},
ϑ0 > 0 a.e. in Ω, ̺0s(̺0, ϑ0) ∈ L1(Ω), ̺0e(̺0, ϑ0) ∈ L1(Ω),
for some constants 0 < C < C < ∞. In a similar manner, the domination condition between
two densities has been employed in some previous works of compressible two-fluid models, see
[13, 21, 22, 26].
Remark 2.3 Our full compressible MHD model (1.10)-(1.14) is reminiscent of the Baer-Nunziato
type system for a mixture of two compressible heat-conducting gases considered very recently by
Kwon et al. [13]. In their paper the weak sequential stability property was proved, leaving the
construction of weak solutions open. Due to the specific structure of our MHD model, a rigorous
existence proof is given in this paper.
Several key observations on the specific structure of our MHD model and the proof are in
order:
• The density ̺ and the magnetic field b satisfy the continuity equation simultaneously;
whence, at least formally, the quantity b̺ obeys the pure transport equation
∂t
(
b
̺
)
+ u · ∇x
(
b
̺
)
= 0. (2.8)
On the one hand, (2.8) implies that b̺ is a constant of motion along the particle trajectory
trasported by the same velocity field u. In particular, the domination condition between
the initial density and magnetic field is reserved for any t ∈ (0, T ]. On the other hand,
(2.8) enables us to invoke the new technique of variable reduction proposed by Vasseur
et al. [26] and refined by Novotny´ et al. [22] (see also [13, 21, 25]), in the context of
compressible two-fluid models. This leads to almost strong convergence of approximate
sequences
{
bε
̺ε
}
ε>0
, see (3.115), which is crucial when passing to the limits.
• In the process of passing to the limit n → ∞ in the approximation scheme, see Section
3.2.1, strong convergences of {(̺n, bn)}n≥1 are indispensable due to its high nonlinearity.
Strong convergence of {̺n}n≥1 can be carried out in the same manner as Navier-Stokes-
Fourier system [7]. Even if the density and magnetic field obey the same continuity
equation, however, the treatment of {bn}n≥1 requires more restriction condition. Specif-
ically, we are lacking in the uniform bound of {√bnun}n≥1 in L∞(0, T ;L2(Ω)), which is
needed when deriving the uniform bound of {un · ∇xbn}n≥1 in some Lp((0, T )×Ω) with
p > 1. This crucial step is finished by combining the domination condition (3.27) and the
uniform bound of {√̺nun}n≥1 in L∞(0, T ;L2(Ω)) coming from the basic energy estimate
(3.19).
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• Compared with the Navier-Stokes-Fourier system, the approximate entropy production
rate in our MHD model gives rise to new terms, for instance at the level of vanishing
artificial viscosity,
ε
ϑε
|∇xbε|2 + εδ
2ϑε
(
ΓbΓ−2ε + 2
) |∇xbε|2.
Fortunately, the two new terms are non-negative, which can be dropped. It plays a crucial
role in passing to the limit ε→ 0, see (3.108).
The rest of this paper is dedicated to the proof of Theorem 2.1. More specifically, In Section
3.1, we prove global solvability to the approximate regularized problem (3.2)-(3.6) by deriving
sufficient global a priori estimates, with artificial viscosity ε > 0, artificial pressure δ > 0.
In Section 3.2, we perform Faedo-Galerkin limit by establishing uniform-in-n estimates and
passing to the limits n → ∞. In Section 3.3, we establish estimates uniformly in ε and pass
to the limits ε → 0. Here, the crucial steps are the pointwise convergences of {(̺ε.ϑε)}ε>0.
Following the same line, we then derive estimates uniformly in δ and pass to the limits δ → 0
in Section 3.4 with the help of cut-off functions Tk(·) additionally. Finally, possible extensions
and some remarks on the main result are discussed in Section 4. For the convenience of the
reader, several inequalities and lemmas are included as appendix.
3 Existence of weak solutions
3.1 Approximation scheme
Assuming that (̺,u, b, ϑ) is smooth, we deduce the internal energy equation from that of entropy
(1.12) and Gibbs’ relation (1.7)
∂t(̺e) + divx(̺eu) + divxq = S(ϑ,∇xu) : ∇xu− p(̺, ϑ)divxu. (3.1)
Let Xn ⊂ C2,α(Ω;R2) be a finite-dimensional vector space, of which each element satisfies
the non-slip boundary condition and Xn is endowed with the topology induced by L
2(Ω;R2)-
inner product. Moreover, since ∂Ω ∈ C2,α, we may further suppose that ∪∞n=1Xn is dense in
W
1,p
0 (Ω;R
2) for any 1 < p <∞. Inspired by the approximate scheme proposed in Navier-Stokes-
Fourier system [6, 7], we consider the following regularized problem, with slight modifications
in order to accommodate the presence of magnetic field:
∂t̺+ divx(̺u) = ε∆̺, (3.2)∫ T
0
∫
Ω
[
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
p(̺, ϑ) +
1
2
b2 + δ
(
̺Γ + ̺2 + bΓ + b2
))
divxφ
]
dxdt
=
∫ T
0
∫
Ω
(
S(ϑ,∇xu) : ∇xφ+ ε∇x̺ · ∇xu · φ
)
dxdt
−
∫
Ω
̺0,δu0,δ · φ(0, ·)dx, for any φ ∈ C1c ([0, T );Xn), (3.3)
∂t(̺e) + divx(̺eu)− divx
{[
κ(ϑ) + δ
(
ϑΓ +
1
ϑ
)]
∇xϑ
}
8
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= S(ϑ,∇xu) : ∇xu− p(̺, ϑ)divxu+ ε|∇xb|2
+ εδ
[(
Γ̺Γ−2 + 2
) |∇x̺|2 + (ΓbΓ−2 + 2) |∇xb|2]+ δ 1
ϑ2
− εϑ5, (3.4)
∂tb + divx(bu) = ε∆b, (3.5)
supplemented with the boundary conditions (n is the unit outward normal on ∂Ω):
∇x̺ · n|∂Ω = 0, u|∂Ω = 0, ∇xϑ · n|∂Ω = 0, ∇xb · n|∂Ω = 0, (3.6)
and the initial conditions:
(̺,u, b, ϑ)|t=0 = (̺0,δ,u0,δ, b0,δ, ϑ0,δ). (3.7)
In the approximate problem (3.2)-(3.6), ε, δ > 0 are sufficiently small parameters, while Γ > 0 is
a sufficiently large parameter; the approximate initial data {(̺0,δ,u0,δ, b0,δ, ϑ0,δ)}δ>0 are chosen
in a suitable way such that

(̺0,δ, b0,δ, ϑ0,δ) ∈ C3(Ω), u0,δ ∈ C3c (Ω),
inf
Ω
̺0,δ > 0, inf
Ω
b0,δ > 0, inf
Ω
ϑ0,δ > 0,
C∗̺0,δ ≤ b0,δ ≤ C∗̺0,δ, with C∗ = inf
Ω
b0
̺0
, C∗ = sup
Ω
b0
̺0
,
∇x̺0,δ · n|∂Ω = ∇xϑ0,δ · n|∂Ω = ∇xb0,δ · n|∂Ω = 0,
̺0,δ → ̺0 strongly in Lγ(Ω), b0,δ → b0 strongly in L2(Ω), as δ → 0,
√
̺0,δu0,δ → √̺0u0 strongly in L2(Ω), ϑ0,δ → ϑ0 a.e. in Ω.
(3.8)
The next lemma shows that the approximate problem (3.2)-(3.8) is globally solvable. We
only give the sketch of the proof, since it follows largely from compressible Navier-Stokes-Fourier
system [7] with slight modifications.
Lemma 3.1 Let ε, δ be two positive parameters and the assumptions of Theorem 2.1 be in
force. Then there exists Γ0 > 0 such that for any Γ > Γ0 the approximate problem (3.2)-(3.8)
admits a unique strong solution (̺,u, b, ϑ) in (0, T )× Ω. Moreover, it holds that

(̺, b) ∈ C([0, T ];C2,α(Ω)), (∂t̺, ∂tb) ∈ C([0, T ];C0,α(Ω)),
inf
[0,T ]×Ω
̺ > 0, inf
[0,T ]×Ω
b > 0, u ∈ C1([0, T ];Xn),
C∗̺ ≤ b ≤ C∗̺ in [0, T ]× Ω,
ϑ ∈ C([0, T ];W 1,2(Ω)) ∩ L∞((0, T )× Ω), inf
(0,T )×Ω
ϑ > 0,
(∂tϑ,∆Kδ(ϑ)) ∈ L2((0, T )× Ω), with Kδ(ϑ) =
∫ ϑ
1
[
κ(z) + δ
(
zΓ +
1
z
)]
dz.
(3.9)
Proof. The proof of Lemma 3.1 mainly consists of two steps:
Step 1: local existence of strong solutions;
Step 2: global a priori estimates.
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To prove step 1, we first fix the velocity u ∈ C([0, T ];Xn) and solve the approximate
equations of density, magnetic field and temperature in terms of u, i.e.,
̺ = ̺[u], b = b[u], ϑ = ϑ[u].
Based on this, we then apply the classical Leray-Schauder fixed point theorem to the approxi-
mate momentum equation so as to obtain its local solvability, say on the lifespan [0, T⋆]. Finally,
estimates (3.9)1, (3.9)4, (3.9)5 follow as a direct consequence of maximal regularity theory for
linear/quasilinear parabolic equations (see [1]). We refer to Section 3.4 in [7] for similar details,
which are nowadays standard arguments.
The rest of the proof is dedicated to deriving global a priori estimates. Obviously, one has∫
Ω
̺(τ, x)dx =
∫
Ω
̺0,δdx,
∫
Ω
b(τ, x)dx =
∫
Ω
b0,δdx, for any τ ∈ [0, T⋆]. (3.10)
Next, we show that the domination condition
C∗̺0,δ ≤ b0,δ ≤ C∗̺0,δ, with C∗ = inf
Ω
b0
̺0
, C∗ = sup
Ω
b0
̺0
,
holds for any t ∈ [0, T ]. Direct computation shows that

∂t(b− C∗̺) + divx[(b − C∗̺)u] = ε∆(b− C∗̺),
(b− C∗̺)|t=0 = b0,δ − C∗̺0,δ,
∇x(b − C∗̺) · n|∂Ω = 0.
(3.11)
It follows from the maximum principle of parabolic equations that b − C∗̺ ≤ 0 in [0, T ]× Ω.
By the same token, b− C∗̺ ≥ 0 in [0, T ]× Ω. Therefore,
C∗̺ ≤ b ≤ C∗̺ in [0, T ]× Ω. (3.12)
To proceed, upon choosing χu, χ ∈ C1c ([0, T )) as test functions in the approximate momentum
equation (3.3), we deduce for any τ ∈ [0, T⋆]∫
Ω
[
1
2
̺|u|2 + 1
2
b2 + δ
(
̺Γ
Γ− 1 + ̺
2 +
bΓ
Γ− 1 + b
2
)]
(τ, x)dx
+
∫ τ
0
∫
Ω
(
S(ϑ,∇xu) : ∇xu− p(̺, ϑ)divxu
)
dxdt
+
∫ τ
0
∫
Ω
{
ε|∇xb|2 + εδ
[(
Γ̺Γ−2 + 2
) |∇x̺|2 + (ΓbΓ−2 + 2) |∇xb|2]}dxdt
=
∫
Ω
[
1
2
̺0,δ|u0,δ|2 + 1
2
b20,δ + δ
(
̺Γ0,δ
Γ− 1 + ̺
2
0,δ +
bΓ0,δ
Γ− 1 + b
2
0,δ
)]
dx. (3.13)
Integrating the approximate internal energy equation (3.4) over Ω and adding the resulting
relation to (3.13) gives rise to the approximate conservation of total energy for any τ ∈ [0, T⋆]∫
Ω
[
1
2
̺|u|2 + ̺e+ 1
2
b2 + δ
(
̺Γ
Γ− 1 + ̺
2 +
bΓ
Γ− 1 + b
2
)]
(τ, x)dx
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=
∫
Ω
[1
2
̺0,δ|u0,δ|2 + ̺0,δe(̺0,δ, ϑ0,δ) + 1
2
b20,δ
+ δ
(
̺Γ0,δ
Γ− 1 + ̺
2
0,δ +
bΓ0,δ
Γ− 1 + b
2
0,δ
)]
dx+
∫ τ
0
∫
Ω
(
δ
1
ϑ2
− εϑ5
)
dxdt. (3.14)
Dividing the approximate internal energy equation (3.4) by ϑ and making use of Gibbs’ relation
(1.7) yields the approximate entropy equation
∂t[̺s(̺, ϑ)] + divx[̺s(̺, ϑ)u]− divx
{[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
∇xϑ
}
=
1
ϑ
{
S(ϑ,∇xu) : ∇xu+
[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
|∇xϑ|2 + δ 1
ϑ2
}
+
ε
ϑ
|∇xb|2
+
εδ
ϑ
[(
Γ̺Γ−2 + 2
) |∇x̺|2 + (ΓbΓ−2 + 2) |∇xb|2]
+ ε
∆̺
ϑ
(
ϑs(̺, ϑ)− e(̺, ϑ)− p(̺, ϑ)
̺
)
− εϑ4, (3.15)
For any given constant ϑ > 0, we first multiply (3.15) by −ϑ, then integrate the resulting
relation over Ω, finally add the integral to (3.14), to find that∫
Ω
[
1
2
̺|u|2 +Hϑ(̺, ϑ) +
1
2
b2 + δ
(
̺Γ
Γ− 1 + ̺
2 +
bΓ
Γ− 1 + b
2
)]
(τ, x)dx
+ϑ
∫ τ
0
∫
Ω
1
ϑ
{
S(ϑ,∇xu) : ∇xu+
[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
|∇xϑ|2 + δ 1
ϑ2
+ε|∇xb|2 + εδ
[(
Γ̺Γ−2 + 2
) |∇x̺|2 + (ΓbΓ−2 + 2) |∇xb|2] }dxdt+ ∫ τ
0
∫
Ω
εϑ5dxdt
=
∫
Ω
[
1
2
̺0,δ|u0,δ|2 +Hϑ(̺0,δ, ϑ0,δ) +
1
2
b20,δ + δ
(
̺Γ0,δ
Γ− 1 + ̺
2
0,δ +
bΓ0,δ
Γ− 1 + b
2
0,δ
)]
dx
+
∫ τ
0
∫
Ω
(
δ
ϑ2
+ εϑϑ4
)
dxdt− εϑ
∫ τ
0
∫
Ω
∆̺
ϑ
(
ϑs(̺, ϑ)− e(̺, ϑ)− p(̺, ϑ)
̺
)
dxdt, (3.16)
where
Hϑ(̺, ϑ) := ̺e(̺, ϑ)− ϑ̺s(̺, ϑ).
After a tedious but direct calculation, with the help of Gibbs’ relation and the structural
hypotheses (1.18), (1.19), (1.20), one finally concludes from (3.16) that∫
Ω
[
1
2
̺|u|2 +Hϑ(̺, ϑ) +
1
2
b2 + δ
(
̺Γ
Γ− 1 + ̺
2 +
bΓ
Γ− 1 + b
2
)]
(τ, x)dx
+ ϑ
∫ τ
0
∫
Ω
σε,δdxdt +
∫ τ
0
∫
Ω
εϑ5dxdt ≤ C, for any τ ∈ [0, T⋆], (3.17)
11
Global weak solutions to 2D full non-resistive MHD Y.Li and Y.Sun
where C > 0 depends only on the initial data (2.6)-(2.7), while independent of n, T⋆, ε, δ;
σε,δ :=
1
ϑ
{
S(ϑ,∇xu) : ∇xu+
[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
|∇xϑ|2 + δ 1
ϑ2
+ ε|∇xb|2 + εδ
[(
Γ̺Γ−2 + 2
) |∇x̺|2 + (ΓbΓ−2 + 2) |∇xb|2]}+ ε
̺ϑ
∂pM
∂̺
(̺, ϑ)|∇x̺|2. (3.18)
Based on the global estimate (3.17), the local solution may be extended within finite steps
to a global one. This completes the proof of Lemma 3.1. 
3.2 Faedo-Galerkin limit
The aim of this subsection is to perform the Faedo-Galerkin limit n → ∞ in the approximate
problem (3.2)-(3.8), with ε, δ being positive parameters. To this end, let {(̺n,un, bn, ϑn)}∞n=1
be a sequence of solutions ensured by Lemma 3.1. Notice that (3.12) and (3.17) give the
following uniform estimates:
sup
τ∈(0,T )
∫
Ω
[
1
2
̺n|un|2 +Hϑ(̺n, ϑn) +
1
2
b2n + δ
(
̺Γn
Γ− 1 + ̺
2
n +
bΓn
Γ− 1 + b
2
n
)]
(τ, x)dx ≤ C,
(3.19)∫ T
0
∫
Ω
1
ϑn
{
S(ϑn,∇xun) : ∇xun +
[
κ(ϑn)
ϑn
+ δ
(
ϑΓ−1n +
1
ϑ2n
)]
|∇xϑn|2
}
dxdt ≤ C, (3.20)
∫ T
0
∫
Ω
(
δ
1
ϑ3n
+ εϑ5n +
ε
ϑn
|∇xbn|2
)
dxdt ≤ C, (3.21)
∫ T
0
∫
Ω
(
εδ
ϑn
[(
Γ̺Γ−2n + 2
) |∇x̺n|2 + (ΓbΓ−2n + 2) |∇xbn|2]
)
dxdt ≤ C, (3.22)
∫ T
0
∫
Ω
ε
̺nϑn
∂pM
∂̺
(̺n, ϑn)|∇x̺n|2dxdt ≤ C, (3.23)
C∗̺n(t, x) ≤ bn(t, x) ≤ C∗̺n(t, x) for any (t, x) ∈ [0, T ]× Ω. (3.24)
Here and throughout this subsection, the same letter C denotes generic positive constants
independent of n. It follows that there exists a suitable subsequence of {(̺n, bn)}∞n=1, not
relabelled, and a weak limit (̺, b) such that
̺n → ̺ weakly− ∗ in L∞(0, T ;LΓ(Ω)), (3.25)
bn → b weakly− ∗ in L∞(0, T ;LΓ(Ω)), (3.26)
C∗̺(t, x) ≤ b(t, x) ≤ C∗̺(t, x) for a.e. (t, x) ∈ (0, T )× Ω (3.27)
It is a routine matter to check, with the help of Arzela-Ascoli theorem, that1
̺n → ̺ in Cweak([0, T ];LΓ(Ω)), (3.28)
1A function f belongs to Cweak([0, T ];L
p(Ω)) if and only if it belongs to L∞(0, T ;Lp(Ω)) and the mapping
t 7→
∫
Ω
f(t, x)φ(x)dx is continuous on [0, T ] for any φ ∈ Lp
′
(Ω), 1
p
+ 1
p′
= 1.
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bn → b in Cweak([0, T ];LΓ(Ω)). (3.29)
Recalling the assumptions about viscosity coefficients (1.17)1, we infer from (3.20) and gener-
alized Korn’s inequality (5.4) that
‖un‖L2(0,T ;W 1,2
0
(Ω)) ≤ C; (3.30)
whence we may assume that
un → u weakly in L2(0, T ;W 1,20 (Ω;R2)) (3.31)
for some u ∈ L2(0, T ;W 1,20 (Ω;R2)). In view of the coercivity property of Helmholtz function
(5.1) recalled in appendix, estimate (3.19), together with (1.18)-(1.19), we get
‖ϑn‖L∞(0,T ;L4(Ω)) ≤ C; (3.32)
whence
ϑn → ϑ weakly− ∗ in L∞(0, T ;L4(Ω)) (3.33)
for a suitable subsequence. Moreover, it follows directly from (3.20) that
‖∇xϑ
Γ
2
n ‖L2((0,T )×Ω) ≤ C, ‖∇xϑ−
1
2
n ‖L2((0,T )×Ω) ≤ C. (3.34)
Combining (3.32), (3.34) and generalized Poincare´ inequality (5.2),
‖ϑn‖L2(0,T ;W 1,2(Ω)) ≤ C, ‖ϑ
Γ
2
n ‖L2(0,T ;W 1,2(Ω)) ≤ C. (3.35)
Thus we may furthermore assume that
ϑn → ϑ weakly in L2(0, T ;W 1,2(Ω)). (3.36)
By invoking Sobolev’s embedding inequality W 1,2(Ω) →֒ Lp(Ω), 1 ≤ p <∞, (3.35)2 implies
‖ϑn‖LΓ(0,T ;LpΓ(Ω)) ≤ C for any 1 ≤ p <∞. (3.37)
In view of (3.21) and the convexity of mapping ϑ 7→ ϑ−3, ϑ > 0, we have∫ T
0
∫
Ω
1
ϑ3
dxdt ≤ lim inf
n→∞
∫ T
0
∫
Ω
1
ϑ3n
dxdt ≤ C; (3.38)
whence ϑ(t, x) > 0 a.e. in (0, T )× Ω follows. We thus conclude from (3.37) and (3.38) that
‖ logϑn‖Lp((0,T )×Ω) ≤ C for any 1 ≤ p <∞. (3.39)
3.2.1 Strong convergence of {(̺n, bn,∇x̺n,∇xbn)}n≥1
Due to the high nonlinearities in approximate system (3.2)-(3.5), strong convergences of ap-
proximate densities and magnetic fields are indispensable. To begin with, we show strong
convergence of {̺n}n≥1. Notice that, in view of (1.18), (3.19) and (3.37),∣∣∣∣∣
∫ T
0
∫
Ω
p(̺n, ϑn)divxundxdt
∣∣∣∣∣ ≤ C
∫ T
0
∫
Ω
(
̺γn + ̺nϑn + ϑ
4
n
) |divxun|dxdt
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≤ C
∫ T
0
∫
Ω
(
̺γn + ̺
4/3
n + ϑ
4
n
)
|∇xun|dxdt ≤ C;
whence it follows from (3.13) that∫ T
0
∫
Ω
{
ε|∇xbn|2 + εδ
[(
Γ̺Γ−2n + 2
) |∇x̺n|2 + (ΓbΓ−2n + 2) |∇xbn|2]}dxdt ≤ C (3.40)
for suitably large but fixed parameter Γ > 1. Application of generalized Poincare´ inequality
(5.2) again yields
‖̺n‖L2(0,T ;W 1,2(Ω)) ≤ C, ‖̺
Γ
2
n ‖L2(0,T ;W 1,2(Ω)) ≤ C. (3.41)
By the same token as for ϑn, it holds
‖̺n‖LΓ(0,T ;LpΓ(Ω)) ≤ C for any 1 ≤ p <∞. (3.42)
In order to prove the strong convergence of {̺n}n≥1, it suffices to obtain uniform boundedness
for {∂t̺n}n≥1 and {∂ij̺n}n≥1 in Lp((0, T )× Ω), p > 1 . To do this, we first notice that (3.30)
and (3.40) imply
‖un · ∇x̺n‖L1(0,T ;Lq(Ω)) ≤ C, with
1
q
=
1
2
+
1
p
, (3.43)
for any 2 < p < ∞. In addition, multiplying (3.2) by log ̺n + 1 both sides gives the uniform
bound
ε
∥∥∥∥∇x̺n√̺n
∥∥∥∥2
L2((0,T )×Ω)
≤ C. (3.44)
Consequently,
‖un · ∇x̺n‖L2(0,T ;L1(Ω)) ≤
∥∥∥∥∇x̺n√̺n
∥∥∥∥
L2((0,T )×Ω)
‖√̺nun‖L∞(0,T ;L2(Ω)) ≤ C. (3.45)
where we employyed the uniform boundedness of ‖√̺nun‖L∞(0,T ;L2(Ω)) due to (3.19). We then
infer from (3.43), (3.45) and the interpolation inequality that
‖un · ∇x̺n‖Lp˜(0,T ;Lq˜(Ω)) ≤ C, for any q˜ ∈ (1, q), p˜ = p˜(q˜) ∈ (1, 2). (3.46)
With (3.46) at hand, we may invoke the maximal regularity theory for parabolic equations so
as to get
‖∂t̺n‖Lp˜(0,T ;Lq˜(Ω)) ≤ C, ‖∂xixj̺n‖Lp˜(0,T ;Lq˜(Ω)) ≤ C (3.47)
for the same p˜, q˜ as above. Recalling the compact embedding theorem, we conclude from (3.47)
that
̺n → ̺ a.e. in (0, T )× Ω. (3.48)
Now it is easy to pass to the limit n→∞ in (3.2), obtaining

∂t̺+ divx(̺u) = ε∆̺, a.e. in (0, T )× Ω,
∇x̺ · n|∂Ω = 0,
̺|t=0 = ̺0,δ.
(3.49)
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Pointwise convergence of {bn}n≥1 is verified in the same strategy, with the exception that
(3.45) must be replaced by
‖un · ∇xbn‖L2(0,T ;L1(Ω)) ≤
∥∥∥∥∇xbn√bn
∥∥∥∥
L2((0,T )×Ω)
‖
√
bnun‖L∞(0,T ;L2(Ω))
≤
√
C∗
∥∥∥∥∇xbn√bn
∥∥∥∥
L2((0,T )×Ω)
‖√̺nun‖L∞(0,T ;L2(Ω)) ≤ C, (3.50)
where the domination condition (3.27) was essentially exploited. Other calculations are left to
the interested reader. Therefore, we arrive at
bn → b a.e. in (0, T )× Ω; (3.51)

∂tb+ divx(bu) = ε∆b, a.e. in (0, T )× Ω,
∇xb · n|∂Ω = 0,
b|t=0 = b0,δ.
(3.52)
To proceed, we prove strong convergence of {∇xbn}n≥1. Indeed, multiplying (3.5) by 2bn and
integrating over (0, τ)× Ω implies∫
Ω
b2n(τ, x)dx + 2ε
∫ τ
0
∫
Ω
|∇xbn|2dxdt =
∫
Ω
b20,δdx−
∫ τ
0
∫
Ω
b2ndivxundxdt,
the right-hand side of which tends to∫
Ω
b20,δdx−
∫ τ
0
∫
Ω
b2divxudxdt
according to (3.31), (3.51). Similarly, we multiply the limit equaion (3.52)1 by 2b to see∫
Ω
b2(τ, x)dx + 2ε
∫ τ
0
∫
Ω
|∇xb|2dxdt =
∫
Ω
b20,δdx−
∫ τ
0
∫
Ω
b2divxudxdt.
The above basic facts lead to
∇xbn → ∇xb strongly in L2((0, T )× Ω). (3.53)
Following exactly the same line, we also obtain that
∇x̺n → ∇x̺ strongly in L2((0, T )× Ω). (3.54)
3.2.2 Strong convergence of {ϑn}n≥1
In order to pass to the limit in approximate entropy equation (3.15), strong convergence of
{ϑn}n≥1 is necessary. Similar to the compressible Navier-Stokes-Fourier system [7], this is
proved with the aid of Div-Curl lemma, together with suitable uniform estimates. We will thus
present the sketch here for brevity. Using Gibbs’ relation (1.7), one finds after a straightforward
calculation that (3.15) is equivalent to
∂t[̺ns(̺n, ϑn)] + divx[R
(1)
n ] = R
(2)
n +R
(3)
n , (3.55)
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with
R(1)n := ̺ns(̺n, ϑn)un −
[
κ(ϑn)
ϑn
+ δ
(
ϑΓ−1n +
1
ϑ2n
)]
∇xϑn
−ε
[
ϑnsM (̺n, ϑn)− eM (̺n, ϑn)− pM (̺n, ϑn)
̺n
] ∇x̺n
ϑn
,
R(2)n :=
1
ϑn
{
S(ϑn,∇xun) : ∇xun +
[
κ(ϑn)
ϑn
+ δ
(
ϑΓ−1n +
1
ϑ2n
)]
|∇xϑn|2 + δ 1
ϑ2n
}
+
ε
ϑn
|∇xbn|2 + εδ
ϑn
[(
Γ̺Γ−2n + 2
) |∇x̺n|2 + (ΓbΓ−2n + 2) |∇xbn|2]
+
ε
̺nϑn
∂pM
∂̺
(̺n, ϑn)|∇x̺n|2,
R(3)n := −ε
[
eM (̺n, ϑn) + ̺n
∂eM
∂̺
(̺n, ϑn)
] ∇x̺n · ∇xϑn
ϑ2n
− εϑ4n.
Next, by the uniform estimates established so far and the structural hypotheses (1.17)-(1.20),
we obtain, upon choosing Γ suitably large, the following uniform estimates:
‖(̺ns(̺n, ϑn),R(1)n )‖Lp((0,T )×Ω) ≤ C for some p > 1, (3.56)
‖(R(2)n , R(3)n )‖L1((0,T )×Ω) ≤ C, (3.57)
As a consequence, we set
fn := (̺ns(̺n, ϑn),R
(1)
n ), gn := (ϑn, 0, 0),
and apply the Div-Curl lemma recalled in Section 5.4 in the time-space domain (0, T )× Ω, by
noticing that L1((0, T )×Ω) and L2((0, T )×Ω) are compactly embedded into W−1,p˜((0, T )×Ω)
for any 1 < p˜ < 32 . It thus holds that
̺s(̺, ϑ)ϑ = ̺s(̺, ϑ)ϑ, (3.58)
where and throughout this paper we use overbar to denote the weak L1-limit of corresponding
approximation sequences. At this stage, approximation sequences are indexed by n. From the
definition of s(̺, ϑ) we know that
̺s(̺, ϑ) = ̺sM (̺, ϑ) +
4
3
aϑ3. (3.59)
To proceed, monotonicity of ϑ 7→ ϑ3, ϑ > 0 yields
ϑ4 ≥ ϑ3 ϑ. (3.60)
Moreover, it is also clear that sM (̺, ϑ) is monotonic increasing with respect to ϑ. Thus,
0 ≤ [sM (̺n, ϑn)− sM (̺n, ϑ)](ϑn − ϑ) = sM (̺n, ϑn)(ϑn − ϑ)− sM (̺n, ϑ)(ϑn − ϑ);
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whence the strong convergence of {̺n}n≥1 and weak convergence of {ϑn}n≥1 imply
sM (̺, ϑ)ϑ ≥ sM (̺, ϑ)ϑ. (3.61)
By the same token again and (3.61), we see
̺sM (̺, ϑ)ϑ = ̺ sM (̺, ϑ)ϑ ≥ ̺ sM (̺, ϑ)ϑ = ̺sM (̺, ϑ) ϑ. (3.62)
Putting (3.58)-(3.62) together, it is easily seen that
ϑ4 = ϑ3 ϑ,
which implies for suitable subsequences
ϑn → ϑ a.e. in (0, T )× Ω. (3.63)
Here we essentially employyed the strict convexity of the mapping ϑ 7→ ϑ3, ϑ > 0.
Now we are in a position to pass to the limit n → ∞ in approximate entropy equation
(3.55). Firstly, one may use the structural hypotheses and elementary inequalities to estimate
(for instance, see formula (3.107) in [7])
ε
∣∣∣∣eM (̺n, ϑn) + ̺n ∂eM∂̺ (̺n, ϑn)
∣∣∣∣
∣∣∣∣∇x̺n · ∇xϑnϑ2n
∣∣∣∣
≤ δ
2
(
ϑΓ−2n +
1
ϑ3n
)
|∇xϑn|2 + εδ
2ϑn
(
Γ̺Γ−2n + 2
) |∇x̺n|2. (3.64)
In light of relation (3.64), we furthermore write the approximate entropy equation (3.55) as
∂t[̺ns(̺n, ϑn)] + divx
{
̺ns(̺n, ϑn)un −
[
κ(ϑn)
ϑn
+ δ
(
ϑΓ−1n +
1
ϑ2n
)]
∇xϑn
}
−εdivx
{[
ϑnsM (̺n, ϑn)− eM (̺n, ϑn)− pM (̺n, ϑn)
̺n
] ∇x̺n
ϑn
}
≥ 1
ϑn
{
S(ϑn,∇xun) : ∇xun +
[
κ(ϑn)
ϑn
+
δ
2
(
ϑΓ−1n +
1
ϑ2n
)]
|∇xϑn|2 + δ 1
ϑ2n
}
+
ε
ϑn
|∇xbn|2 + εδ
2ϑn
[(
Γ̺Γ−2n + 2
) |∇x̺n|2 + (ΓbΓ−2n + 2) |∇xbn|2]
+
ε
̺nϑn
∂pM
∂̺
(̺n, ϑn)|∇x̺n|2 − εϑ4n. (3.65)
Notice that the uniform estimates (3.25)-(3.39), the strong convergences of {̺n}n≥1, {ϑn}n≥1,
{∇x̺n}n≥1, {∇xbn}n≥1, together with the weak convergences of {∇xϑn}n≥1, {∇xun}n≥1 es-
tablished so far imply
̺ns(̺n, ϑn)→ ̺s(̺, ϑ) strongly in L2((0, T )× Ω),
̺ns(̺n, ϑn)un → ̺s(̺, ϑ)u weakly in L1((0, T )× Ω),
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[
κ(ϑn)
ϑn
+ δ
(
ϑΓ−1n +
1
ϑ2n
)]
∇xϑn →
[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
∇xϑ weakly in L1((0, T )× Ω),[
ϑnsM (̺n, ϑn)− eM (̺n, ϑn)− pM (̺n, ϑn)
̺n
] ∇x̺n
ϑn
→
[
ϑsM (̺, ϑ)− eM (̺, ϑ)− pM (̺, ϑ)
̺
] ∇x̺
ϑ
weakly in L1((0, T )× Ω),
√
µ(ϑn)
ϑn
(∇xun +∇txun − divxunI)
→
√
µ(ϑ)
ϑ
(∇xu+∇txu− divxuI) weakly in L2((0, T )× Ω),√
κ(ϑn)
ϑ2n
+
δ
2
(
ϑΓ−2n +
1
ϑ3n
)
∇xϑn →
√
κ(ϑ)
ϑ2
+
δ
2
(
ϑΓ−2 +
1
ϑ3
)
∇xϑ weakly in L2((0, T )× Ω),
1
ϑ
3/2
n
→ 1
ϑ3/2
weakly in L2((0, T )× Ω),
∇xbn√
ϑn
→ ∇xb√
ϑ
weakly in L2((0, T )× Ω),
√
Γ̺Γ−2n + 2
ϑn
∇x̺n →
√
Γ̺Γ−2 + 2
ϑ
∇x̺ weakly in L2((0, T )× Ω),
√
ΓbΓ−2n + 2
ϑn
∇xbn →
√
ΓbΓ−2 + 2
ϑ
∇xb weakly in L2((0, T )× Ω),
1√
̺nϑn
√
∂pM
∂̺
(̺n, ϑn)∇x̺n → 1√
̺ϑ
√
∂pM
∂̺
(̺, ϑ)∇x̺ weakly in L2((0, T )× Ω).
As a consequence, testing (3.65) by any φ ∈ C∞c ([0, T )×Ω), φ ≥ 0 and passing to the limit
n→∞ yields ∫ T
0
∫
Ω
(
̺s(̺, ϑ)∂tφ+ ̺s(̺, ϑ)u · ∇xφ
)
dxdt
−
∫ T
0
∫
Ω
[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
∇xϑ · ∇xφdxdt
−ε
∫ T
0
∫
Ω
[
ϑsM (̺, ϑ)− eM (̺, ϑ)− pM (̺, ϑ)
̺
] ∇x̺
ϑ
· ∇xφdxdt
+
∫ T
0
∫
Ω
σε,δφdxdt ≤
∫ T
0
∫
Ω
εϑ4φdxdt −
∫
Ω
̺0,δs(̺0,δ, ϑ0,δ)φ(0, ·)dx, (3.66)
where
σε,δ :=
1
ϑ
{
S(ϑ,∇xu) : ∇xu+
[
κ(ϑ)
ϑ
+
δ
2
(
ϑΓ−1 +
1
ϑ2
)]
|∇xϑ|2 + δ 1
ϑ2
}
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+
ε
ϑ
|∇xb|2 + εδ
2ϑ
[(
Γ̺Γ−2 + 2
) |∇x̺|2 + (ΓbΓ−2 + 2) |∇xb|2]+ ε
̺ϑ
∂pM
∂̺
(̺, ϑ)|∇x̺|2.
Finally, we pass to the limit n→∞ in approximate momentum equation (3.3). Clearly,
‖̺nun‖
L∞(0,T ;L
2Γ
Γ+1 (Ω))
≤ ‖√̺n‖L∞(0,T ;L2Γ(Ω))‖
√
̺nun‖L∞(0,T ;L2(Ω)) ≤ C;
whence, recalling the strong convergence of {̺n}n≥1,
̺nun → ̺u weakly− ∗ in L∞(0, T ;L
2Γ
Γ+1 (Ω;R2)).
It is a routine matter to strengthen the above convergence with the help of approximate mo-
mentum equation (3.3)
̺nun → ̺u in Cweak([0, T ];L 2ΓΓ+1 (Ω;R2)).
Since Lq(Ω) is compactly embedded into W−1,2(Ω;R2) for any 1 < q <∞, we thus obtain
̺nun → ̺u in C([0, T ];W−1,2(Ω;R2)).
Using (3.31), one infers
̺nun ⊗ un → ̺u⊗ u weakly in L2(0, T ;Lq˜(Ω;R2×2)), q˜ := 5q
4q + 5
, 1 < q <∞. (3.67)
Based on (3.67) and the convergences results obtained so far, in particular the strong con-
vergences of {̺n}n≥1, {bn}n≥1, {ϑn}n≥1, {∇x̺n}n≥1, we now pass to the limit n → ∞ in
approximate momentum equation (3.3) to conclude∫ T
0
∫
Ω
[
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
p(̺, ϑ) +
1
2
b2 + δ
(
̺Γ + ̺2 + bΓ + b2
))
divxφ
]
dxdt
=
∫ T
0
∫
Ω
(
S(ϑ,∇xu) : ∇xφ+ ε∇x̺ · ∇xu · φ
)
dxdt
−
∫
Ω
̺0,δu0,δ · φ(0, ·)dx, for any φ ∈ C∞c ([0, T )× Ω;R2). (3.68)
In addition, we know from (3.14) the conservation of approximate total energy:∫
Ω
[
1
2
̺|u|2 + ̺e+ 1
2
b2 + δ
(
̺Γ
Γ− 1 + ̺
2 +
bΓ
Γ− 1 + b
2
)]
(τ, x)dx
=
∫
Ω
[
1
2
̺0,δ|u0,δ|2 + ̺0,δe(̺0,δ, ϑ0,δ) + 1
2
b20,δ + δ
(
̺Γ0,δ
Γ− 1 + ̺
2
0,δ +
bΓ0,δ
Γ− 1 + b
2
0,δ
)]
dx
+
∫ τ
0
∫
Ω
(
δ
1
ϑ2
− εϑ5
)
dxdt (3.69)
for a.e. τ ∈ (0, T ).
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3.3 Vanishing artificial viscosity
3.3.1 Uniform-in-ε estimates
From Section 3.2 we know there exists {(̺ε,uε, bε, ϑε)}ε>0 solving the approximate equations
of density (3.49), magnetic field (3.51), entropy (3.66), momentum (3.68) and total energy
(3.69). Moreover, as a direct consequence of estimates (3.19)-(3.24), the following uniform-in-ε
estimates hold:
sup
τ∈(0,T )
∫
Ω
[
1
2
̺ε|uε|2 +Hϑ(̺ε, ϑε) +
1
2
b2ε + δ
(
̺Γε
Γ− 1 + ̺
2
ε +
bΓε
Γ− 1 + b
2
ε
)]
(τ, x)dx ≤ C,
(3.70)∫ T
0
∫
Ω
1
ϑε
{
S(ϑε,∇xuε) : ∇xuε +
[
κ(ϑε)
ϑε
+ δ
(
ϑΓ−1ε +
1
ϑ2ε
)]
|∇xϑε|2
}
dxdt ≤ C, (3.71)
∫ T
0
∫
Ω
(
δ
1
ϑ3ε
+ εϑ5ε +
ε
ϑε
|∇xbε|2
)
dxdt ≤ C, (3.72)
∫ T
0
∫
Ω
(
εδ
ϑε
[(
Γ̺Γ−2ε + 2
) |∇x̺ε|2 + (ΓbΓ−2ε + 2) |∇xbε|2]
)
dxdt ≤ C, (3.73)
∫ T
0
∫
Ω
ε
̺εϑε
∂pM
∂̺
(̺ε, ϑε)|∇x̺ε|2dxdt ≤ C, (3.74)
C∗̺ε(t, x) ≤ bε(t, x) ≤ C∗̺ε(t, x) for a.e. (t, x) ∈ (0, T )× Ω. (3.75)
Here and during this subsection we denote by C generic positive constants independent of ε.
In analogy with Faedo-Galerkin limit, there exists a suitable subsequence of {(̺ε,uε, bε, ϑε)}ε>0,
not relabelled, and a weak limit (̺,u, b, ϑ) such that
̺ε → ̺ weakly − ∗ in L∞(0, T ;LΓ(Ω)), (3.76)
bε → b weakly − ∗ in L∞(0, T ;LΓ(Ω)), (3.77)
uε → u weakly in L2(0, T ;W 1,20 (Ω;R2)), (3.78)
ϑε → ϑ weakly− ∗ in L∞(0, T ;L4(Ω)), (3.79)
C∗̺(t, x) ≤ b(t, x) ≤ C∗̺(t, x) for a.e. (t, x) ∈ (0, T )× Ω. (3.80)
Multiplying (3.49) by ̺ε and using the uniform bounds for ̺ε,uε gives rise to
ε‖∇x̺ε‖2L2((0,T )×Ω) ≤ C, (3.81)
which immediately implies
ε∇x̺ε → 0 strongly in L2((0, T )× Ω); (3.82)
similarly, we multipy (3.51) by bε to find that
ε‖∇xbε‖2L2((0,T )×Ω) ≤ C, (3.83)
ε∇xbε → 0 in L2((0, T )× Ω). (3.84)
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Now we pass to the limit ε→ 0 in approximate equations of density and magnetic field. As
in the previous section, convergences (3.76)-(3.77) may be strengthened to
̺ε → ̺ in Cweak([0, T ];LΓ(Ω)), (3.85)
bε → b in Cweak([0, T ];LΓ(Ω)), (3.86)
with the help of Arzela-Ascoli theorem and (3.76)-(3.78). Combining (3.85)-(3.86) with (3.78),
̺εuε → ̺u weakly − ∗ in L∞(0, T ;L 2ΓΓ+1 (Ω)), (3.87)
bεuε → bu weakly − ∗ in L∞(0, T ;L 2ΓΓ+1 (Ω)). (3.88)
In view of (3.76), (3.82) and (3.87), we pass to the limit ε→ 0 in (3.49) to conclude∫ T
0
∫
Ω
(
̺∂tφ+ ̺u · ∇xφ
)
dxdt+
∫
Ω
̺0,δφ(0, ·)dx = 0, (3.89)
for any φ ∈ C∞c ([0, T )× Ω). In a similar manner,∫ T
0
∫
Ω
(
b∂tφ+ bu · ∇xφ
)
dxdt +
∫
Ω
b0,δφ(0, ·)dx = 0, (3.90)
for any φ ∈ C∞c ([0, T ) × Ω). For future analysis, it should be pointed out that the integral
identities (3.89)-(3.90) hold in (0, T )× R2 provided (̺,u, b) are set to be zero outside Ω. This
is a direct consequence of the estimates for (̺,u, b) and the non-slip boundary condition of
velocity. The detailed proof can be found in Lemma 3.3 in [8].
3.3.2 Strong convergence of {ϑε}ε>0
At this level of approximation, one has to firstly show strong convergence of {ϑε}ε>0, then of
{̺ε}ε>0. Similar to (3.34)-(3.39), we notice that (3.70)-(3.73) give rise to uniform-in-ε estimates:
‖ϑε‖L2(0,T ;W 1,2(Ω)) ≤ C, ‖ϑ
Γ
2
ε ‖L2(0,T ;W 1,2(Ω)) ≤ C. (3.91)
‖ϑ−1ε ‖L3((0,T )×Ω) ≤ C, ‖∇xϑ−
1
2
ε ‖L2((0,T )×Ω) ≤ C, (3.92)
‖ϑε‖LΓ(0,T ;LpΓ(Ω)) ≤ C for any 1 ≤ p <∞, (3.93)
‖ logϑε‖Lp((0,T )×Ω) ≤ C for any 1 ≤ p <∞, (3.94)
‖√ε̺ε‖L2(0,T ;W 1,2(Ω)) ≤ C, ‖
√
ε̺
Γ
2
ε ‖L2(0,T ;W 1,2(Ω)) ≤ C. (3.95)
In order to apply the Div-Curl lemma conveniently, we reformulate the approximate entropy
equation by introducing non-negative regular Borel measure2:
〈Σε,δ;φ〉 =
∫ T
0
∫
Ω
εϑ4εφdxdt−
∫
Ω
̺0,δs(̺0,δ, ϑ0,δ)φ(0, ·)dx
2 Let Q be a locally compact Hausdorff space. In accordance with Riesz representation theorem, a non-
negative regular Borel measure can be identified with a non-negative linear functional on Cc(Q). All such
measures constitute a vector space, denoted by M+(Q).
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−
∫ T
0
∫
Ω
(
̺εs(̺ε, ϑε)∂tφ+ ̺εs(̺ε, ϑε)uε · ∇xφ
)
dxdt
+
∫ T
0
∫
Ω
[
κ(ϑε)
ϑε
+ δ
(
ϑΓ−1ε +
1
ϑ2ε
)]
∇xϑε · ∇xφdxdt
+ ε
∫ T
0
∫
Ω
[
ϑεsM (̺ε, ϑε)− eM (̺ε, ϑε)− pM (̺ε, ϑε)
̺ε
] ∇x̺ε
ϑε
· ∇xφdxdt, (3.96)
for any φ ∈ C∞c ([0, T )× Ω), φ ≥ 0. Alternatively, we may write (3.96) in the weak form
∂t[̺εs(̺ε, ϑε)] + divx[Z
(1)
ε ] = Z
(2)
n + Z
(3)
ε , (3.97)
with
Z(1)ε := ̺εs(̺ε, ϑε)uε −
[
κ(ϑε)
ϑε
+ δ
(
ϑΓ−1ε +
1
ϑ2ε
)]
∇xϑε
−ε
[
ϑεsM (̺ε, ϑε)− eM (̺ε, ϑε)− pM (̺ε, ϑε)
̺ε
] ∇x̺ε
ϑε
,
Z(2)ε := Σε,δ, Z
(3)
ε := −εϑ4ε.
Now we are in a position to apply the Div-Curl lemma recalled in Section 5.4 in the time-
space domain (0, T )× Ω with
fε := (̺εs(̺ε, ϑε),Z
(1)
ε ), gε := (F (ϑε), 0, 0), F ∈W 1,∞(R+).
Using the uniform-in-ε estimates obtained, we know that
Z(3)ε → 0 strongly in L1((0, T )× Ω). (3.98)
Seeing next that L1((0, T )×Ω) andM+([0, T ]×Ω) are compactly embedded intoW−1,p˜((0, T )×
Ω) for any 1 < p˜ < 32 . Similar as before,
‖(̺εs(̺ε, ϑε),Z(1)ε )‖Lp((0,T )×Ω) ≤ C for some p > 1, (3.99)
and moreover,
ε
[
ϑεsM (̺ε, ϑε)− eM (̺ε, ϑε)− pM (̺ε, ϑε)
̺ε
] ∇x̺ε
ϑε
→ 0 strongly in Lp((0, T )× Ω), (3.100)
for some p > 1. Consequently,
̺s(̺, ϑ)F (ϑ) = ̺s(̺, ϑ) F (ϑ), (3.101)
with F ∈W 1,∞(R+). In the same spirit of Faedo-Galerkin limit, it is shown that3:{
̺sM (̺, ϑ)F (ϑ) ≥ ̺sM (̺, ϑ)F (ϑ),
ϑ3F (ϑ) ≥ ϑ3 F (ϑ),
(3.102)
3The proof is based on the tool of parameterized Young measures and we refer to Section 3.6.2 in [7] for
similar calculations. It should be remarked that strong convergence of {̺ε}ε>0 has not been proved yet, making
the proof of these inequalities much more delicate.
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for any monotonic increasing F ∈W 1,∞(R+). It follows from (3.101)-(3.102) that
ϑε → ϑ a.e. in (0, T )× Ω (3.103)
for suitable subsequences. In addition, similar to (3.38),∫ T
0
∫
Ω
1
ϑ3
dxdt ≤ lim inf
n→∞
∫ T
0
∫
Ω
1
ϑ3ε
dxdt ≤ C; (3.104)
whence ϑ(t, x) > 0 a.e. in (0, T )× Ω.
Now we pass to the limit ε→ 0 in the approximate entropy equation (3.96). Application of
Div-Curl lemma again shows
̺εs(̺ε, ϑε)uε → ̺s(̺, ϑ)u weakly in Lp((0, T )× Ω) (3.105)
for some p > 1. Clearly, there exists Σ(δ) ∈ M+([0, T ]× Ω) such that
Σε,δ → Σ(δ) weakly− ∗ in M([0, T ]× Ω) (3.106)
as ε → 0. Consequently, with the help of (3.79), (3.98), (3.100), (3.103), (3.105) and (3.106),
we let ε→ 0 in (3.96) to infer that∫ T
0
∫
Ω
(
̺s(̺, ϑ)∂tφ+ ̺s(̺, ϑ)u · ∇xφ
)
dxdt
−
∫ T
0
∫
Ω
[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
∇xϑ · ∇xφdxdt
+
〈
Σ(δ);φ
〉
= −
∫
Ω
̺0,δs(̺0,δ, ϑ0,δ)φ(0, ·)dx (3.107)
for any φ ∈ C∞c ([0, T )×Ω), φ ≥ 0. Furthermore, observe that all ε-dependent terms in σε,δ are
non-negative, yielding
Σ(δ) ≥ 1
ϑ
{
S(ϑ,∇xu) : ∇xu+
[
κ(ϑ)
ϑ
+
δ
2
(
ϑΓ−1 +
1
ϑ2
)]
|∇xϑ|2 + δ 1
ϑ2
}
, (3.108)
to be understood in M+([0, T ]× Ω).
3.3.3 Strong convergence of {̺ε}ε>0
In order to pass to the limit ε → 0 in the approximate momentum equation (3.68), strong
convergences of {̺ε}ε>0 and {bε}ε>0 are indispensable due to the nonlinearities in pressure.
Before this, it is also necessary to improve their integrability uniformly in ε. Indeed, similar
to compressible Navier-Stokes system [20] and Navier-Stokes-Fourier system [7], this step is
finished with the help of Bogovskii operator (see [2, 7]). More specifically, by choosing
φ(t, x) = ψ(t)B
(
̺ε − 1|Ω|
∫
Ω
̺εdx
)
, ψ(t) ∈ C∞c ((0, T ))
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as a test function in the approximate momentum equation (3.68) and taking advantage of the
uniform-in-ε estimates obtained, we arrive at∫ T
0
ψ
∫
Ω
(
p(̺ε, ϑε) +
1
2
b2ε + δ
(
̺Γε + ̺
2
ε + b
Γ
ε + b
2
ε
))
̺εdxdt ≤ C. (3.109)
Since the proof is similar to that of Navier-Stokes system, the details are thus omitted here. In
particular, we conclude from the domination condition (3.75) and the structural hypothesis of
pressure that
‖(̺ε, bε)‖LΓ+1((0,T )×Ω) ≤ C, (3.110)
‖pM (̺ε, ϑε)‖Lp((0,T )×Ω) ≤ C for some p > 1. (3.111)
It follows from (3.78), (3.82), (3.85), (3.103), (3.110), (3.111) that

ε∇x̺ε · ∇xuε → 0 strongly in L1((0, T )× Ω),
̺εuε ⊗ uε → ̺u⊗ u weakly in Lp((0, T )× Ω), for some p > 1,
S(ϑε,∇xuε)→ S(ϑ,∇xu) weakly in Lp((0, T )× Ω), for some p > 1,
(3.112)
Now we pass to the limit ε → 0 in the approximate momentum equation (3.68), in view of
(3.112) and (3.103), to conclude that∫ T
0
∫
Ω
[
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
pM,δ(̺, ϑ, b) +
a
3
ϑ4
)
divxφ
]
dxdt
=
∫ T
0
∫
Ω
S(ϑ,∇xu) : ∇xφdxdt−
∫
Ω
̺0,δu0,δ · φ(0, ·)dx, (3.113)
for any φ ∈ C∞c ([0, T )× Ω;R2). Here,
pM,δ(̺, ϑ, b) := pM (̺, ϑ) +
1
2
b2 + δ
(
̺Γ + ̺2 + bΓ + b2
)
= ̺γ + ̺ϑ+
1
2
b2 + δ
(
̺Γ + ̺2 + bΓ + b2
)
.
Upon setting
ζε :=
{
bε
̺ε
if ̺ε > 0,
C∗+C
∗
2 if ̺ε = 0,
ζ :=
{
b
̺ if ̺ > 0,
C∗+C
∗
2 if ̺ = 0,
one may rewrite pM,δ(̺, ϑ, b) in another form
PM,δ(̺, ϑ, ζ) = ̺γ + ̺ϑ+ 1
2
ζ2̺2 + δ
(
̺Γ + ̺2 + ζΓ̺Γ + ζ2̺2
)
.
Therefore,
pM,δ(̺ε, ϑε, bε) = PM,δ(̺ε, ϑε, ζε)
= PM,δ(̺ε, ϑε, ζε)− PM,δ(̺ε, ϑ, ζ) + PM,δ(̺ε, ϑ, ζ). (3.114)
We are ready to invoke the following crucial lemma from compressible two-fluid model due
to firstly Vasseur et al. [26] and then refined by Novotny´ et al. [22], indicating some kind of
compactness for {ζε}ε>0. With the help of this lemma, strong convergence of {bε}ε>0 will be
reduced to that of {̺ε}ε>0 to some extent.
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Lemma 3.2 Let the uniform-in-ε estimates (3.75)-(3.78) be in force for {(̺ε, bε,uε)}ε>0.
Then, for any 1 ≤ p <∞,∫
Ω
̺ε|ζε − ζ|p(τ, ·)dx→ 0 for any τ ∈ [0, T ]. (3.115)
The detailed proof of Lemma 3.2 can be found in Proposition 11 [22], which is a generalization
of Lemma 2.1 [26].
As a direct consequence of (3.115), (3.75)-(3.77), strong convergence of {ϑε}ε>0, Ho¨lder’s
inequality, ∫ T
0
∫
Ω
|PM,δ(̺ε, ϑε, ζε)− PM,δ(̺ε, ϑ, ζ)| dxdt
≤ C
(∫ T
0
∫
Ω
̺ε|ϑε − ϑ|dxdt+
∫ T
0
∫
Ω
[
̺2ε + δ
(
̺Γε + ̺
2
ε
)] |ζε − ζ|dxdt
)
→ 0 as ε→ 0, (3.116)
where the two-sided bounds C∗ ≤ ζε ≤ C∗ were also used basically. We thus infer from (3.114)
and (3.116) that
pM,δ(̺, ϑ, b) = PM,δ(̺, ϑ, ζ). (3.117)
Here, we adopted the symbol from [22] denoting by PM,δ(̺, ϑ, ζ) the weak L1((0, T )×Ω) limit
of {PM,δ(̺ε, ϑ, ζ)}ε>0. Therefore, the limit momentum equation (3.113) is equivalent as∫ T
0
∫
Ω
[
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
PM,δ(̺, ϑ, ζ) + a
3
ϑ4
)
divxφ
]
dxdt
=
∫ T
0
∫
Ω
S(ϑ,∇xu) : ∇xφdxdt−
∫
Ω
̺0,δu0,δ · φ(0, ·)dx, (3.118)
for any φ ∈ C∞c ([0, T ) × Ω;R2). To proceed, we follow the ideas from compressible Navier-
Stokes system [8, 10, 20, 24] by establishing the remarkable “effective viscous flux identity”.
Similar arguments also appeared in compressible two-fluid models [22, 26].
Lemma 3.3 It holds that
lim
ε→0
∫ T
0
ψ
∫
Ω
ϕ [PM,δ(̺ε, ϑ, ζ)− µ(ϑε)divxuε] ̺εdxdt
=
∫ T
0
ψ
∫
Ω
ϕ
[
PM,δ(̺, ϑ, ζ)− µ(ϑ)divxu
]
̺dxdt (3.119)
for any ψ ∈ C∞c ((0, T )), ϕ ∈ C∞c (Ω).
Proof. Let ∆−1 be the inverse of Laplacian on R2 with Fourier symbol −1|ξ|2 ; the operator
Aj is defined as ∂xj∆−1 with Fourier symbol −iξj|ξ|2 ; the operator Ri,j is defined as ∂xjAi with
Fourier symbol
ξiξj
|ξ|2 . For brevity, we set A := (A1,A2) and R = {Ri,j}2i,j=1. Notice that the
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approximate continuity equation (3.49)1 holds in (0, T )×R2 upon extending (̺ε,uε) to be zero
outside Ω, i.e.,
∂t(1Ω̺ε) = divx(ε1Ω∇x̺ε − 1Ω̺εuε) a.e. in (0, T )× R2. (3.120)
Testing the approximate momentum equation (3.68) by ψϕA(1Ω̺ε) and making use of
(3.120) gives rise to∫ T
0
∫
Ω
ψϕ
(
PM,δ(̺ε, ϑ, ζ)̺ε − S(ϑε,∇xuε) : R(1Ω̺ε)
)
dxdt
= −
∫ T
0
∫
Ω
ψϕ
(
PM,δ(̺ε, ϑε, ζε)− PM,δ(̺ε, ϑ, ζ)
)
̺εdxdt−
∫ T
0
∫
Ω
ψϕ
a
3
ϑ4ε̺εdxdt
+
∫ T
0
∫
Ω
ψϕ
(
̺εuε · R(1Ω̺εuε)− (̺εuε ⊗ uε) : R(1Ω̺ε)
)
dxdt
−ε
∫ T
0
∫
Ω
ψϕ̺εuε · A(divx(1Ω∇x̺ε))dxdt
−
∫ T
0
∫
Ω
ψPM,δ(̺ε, ϑε, ζε)∇xϕ · A(1Ω̺ε)dxdt
+
∫ T
0
∫
Ω
ψS(ϑε,∇xuε) : [∇xϕ⊗A(1Ω̺ε)]dxdt
−
∫ T
0
∫
Ω
ψ(̺εuε ⊗ uε) : [∇xϕ⊗A(1Ω̺ε)]dxdt
−
∫ T
0
∫
Ω
∂tψϕ̺εuε · A(1Ω̺ε)dxdt
+ ε
∫ T
0
∫
Ω
ψϕ(∇x̺ε · ∇xuε) · A(1Ω̺ε)dxdt =:
9∑
j=1
I(1),εj . (3.121)
In a similar manner, we use ψϕA(1Ω̺) as a test function in the limit momentum equation
(3.118) to see that ∫ T
0
∫
Ω
ψϕ
(
PM,δ(̺, ϑ, ζ) ̺− S(ϑ,∇xu) : R(1Ω̺)
)
dxdt
= −
∫ T
0
∫
Ω
ψϕ
a
3
ϑ4̺dxdt
+
∫ T
0
∫
Ω
ψϕ
(
̺u · R(1Ω̺u)− (̺u⊗ u) : R(1Ω̺)
)
dxdt
−
∫ T
0
∫
Ω
ψPM,δ(̺, ϑ, ζ)∇xϕ · A(1Ω̺)dxdt
+
∫ T
0
∫
Ω
ψS(ϑ,∇xu) : [∇xϕ⊗A(1Ω̺)]dxdt
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−
∫ T
0
∫
Ω
ψ(̺u⊗ u) : [∇xϕ⊗A(1Ω̺)]dxdt
−
∫ T
0
∫
Ω
∂tψϕ̺u · A(1Ω̺)dxdt =:
6∑
j=1
I(2)j . (3.122)
Now we analyze the right-hand side of (3.121) term by term in the regime of vanishing
artificial viscosity. Based on (3.116) and (3.76), it holds that I(1),ε1 → 0 as ε → 0. It follows
from Ho¨rmander-Mikhlin theorem, Sobolev’s embedding inequality and (3.85) that
A(1Ω̺ε)→ A(1Ω̺) in C([0, T ]× Ω;R2). (3.123)
From (3.114), (3.116) and (3.123) we see I(1),ε5 → I(2)3 as ε→ 0. Strong convergence of {ϑε}ε>0
(3.103) and weak convergence of {̺ε}ε>0 (3.76) together imply that I(1),ε2 → I(2)1 as ε→ 0. We
deduce easily from (3.78), (3.82) and (3.123) that I(1),ε9 → 0 as ε → 0. Similarly, I(1),ε4 → 0
as ε → 0. Following the same line, we essentially use the convergences (3.76)-(3.79), (3.103)
and (3.123) in order to conclude that I(1),ε6 → I(2)4 , I(1),ε7 → I(2)5 , I(1),ε8 → I(2)6 as ε → 0.
Consequently, upon passing to the limit ε → 0 in (3.121) and using the convergence results
obtained, (3.122),
lim
ε→0
∫ T
0
∫
Ω
ψϕ
(
PM,δ(̺ε, ϑ, ζ)̺ε − S(ϑε,∇xuε) : R(1Ω̺ε)
)
dxdt
=
∫ T
0
∫
Ω
ψϕ
(
PM,δ(̺, ϑ, ζ) ̺− S(ϑ,∇xu) : R(1Ω̺)
)
dxdt
+ lim
ε→0
∫ T
0
∫
Ω
ψϕ
(
̺εuε · R(1Ω̺εuε)− (̺εuε ⊗ uε) : R(1Ω̺ε)
)
dxdt
−
∫ T
0
∫
Ω
ψϕ
(
̺u · R(1Ω̺u)− (̺u⊗ u) : R(1Ω̺)
)
dxdt. (3.124)
In analogy with compressible Navier-Stokes system [8], see Lemma 3.4 therein, one may utilize
another version of Div-Curl lemma so as to conclude that (the details are thus omitted):
lim
ε→0
∫ T
0
∫
Ω
ψϕ
(
̺εuε · R(1Ω̺εuε)− (̺εuε ⊗ uε) : R(1Ω̺ε)
)
dxdt
=
∫ T
0
∫
Ω
ψϕ
(
̺u · R(1Ω̺u)− (̺u⊗ u) : R(1Ω̺)
)
dxdt;
whence (3.124) reduces to
lim
ε→0
∫ T
0
∫
Ω
ψϕ
(
PM,δ(̺ε, ϑ, ζ)̺ε − S(ϑε,∇xuε) : R(1Ω̺ε)
)
dxdt
=
∫ T
0
∫
Ω
ψϕ
(
PM,δ(̺, ϑ, ζ) ̺− S(ϑ,∇xu) : R(1Ω̺)
)
dxdt. (3.125)
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To proceed, notice that ∫ T
0
∫
Ω
ψϕS(ϑε,∇xuε) : R(1Ω̺ε)dxdt
=
∫ T
0
∫
Ω
ψϕµ(ϑε)(∇xuε +∇txuε − divxuεI) : R(1Ω̺ε)dxdt
=
∫ T
0
∫
Ω
ψR : [ϕµ(ϑε)(∇xuε +∇txuε)] ̺εdxdt− ∫ T
0
∫
Ω
ψϕµ(ϑε)̺εdivxuεdxdt
=
∫ T
0
∫
Ω
ψϕµ(ϑε)̺εdivxuεdxdt+
∫ T
0
∫
Ω
ψ̺εω(ϑε,uε)dxdt, (3.126)
where
ω(ϑε,uε) := R :
[
ϕµ(ϑε)(∇xuε +∇txuε)
]− ϕµ(ϑε)R : (∇xuε +∇txuε).
Likewise, ∫ T
0
∫
Ω
ψϕS(ϑ,∇xu) : R(1Ω̺)dxdt
=
∫ T
0
∫
Ω
ψϕµ(ϑ)(∇xu+∇txu− divxuI) : R(1Ω̺)dxdt
=
∫ T
0
∫
Ω
ψR : [ϕµ(ϑ)(∇xu+∇txu)] ̺dxdt− ∫ T
0
∫
Ω
ψϕµ(ϑ)̺divxudxdt
=
∫ T
0
∫
Ω
ψϕµ(ϑ)̺divxudxdt+
∫ T
0
∫
Ω
ψ̺ω(ϑ,u)dxdt. (3.127)
Taking advantage of a version of commutator lemma, for instance see Theorem 10.28 [7], it
follows that
‖ω(ϑε,uε)‖L1(0,T ;Wp,q(Ω)) ≤ C for some 0 < p < 1, q > 1, (3.128)
uniformly in ε. Application of Div-Curl lemma again, recalled in Section 5.4, in the time-space
domain (0, T )× Ω with
fε := (̺ε, ̺εuε), gε := (ω(ϑε,uε), 0, 0)
gives rise to
ω(ϑε,uε)̺ε → ω(ϑ,u) ̺ weakly in L1((0, T )× Ω).
On the other hand, we know from (3.78) and (3.103) that
ω(ϑ,u) = ω(ϑ,u). (3.129)
The identity (3.119) then follows immediately from (3.125), (3.126), (3.127) and (3.129). This
finishes the proof of Lemma 3.3. 
Recalling (3.103), we may rewrite (3.119) in a more convenient form
PM,δ(̺, ϑ, ζ)̺− PM,δ(̺, ϑ, ζ) ̺ = µ(ϑ)
(
̺divxu− ̺divxu
)
(3.130)
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a.e. in (0, T )× Ω. It should be noticed that PM,δ(̺, ϑ, ζ) is monotonic increasing with respect
to ̺. Thus,
PM,δ(̺, ϑ, ζ)̺ ≥ PM,δ(̺, ϑ, ζ) ̺;
whence
̺divxu ≥ ̺divxu a.e. in (0, T )× Ω. (3.131)
Multiplying (3.49)1 by 1 + log ̺ε, integrating by parts and passing to the limit ε→ 0 shows∫
Ω
̺ log ̺(τ)dx +
∫ τ
0
∫
Ω
̺divxudxdt ≤
∫
Ω
̺0,δ log ̺0,δdx. (3.132)
On the other hand, it follows from the renormalization theory of transport equations (see [4])
that the limit continuity equation (3.89) is satisfied in the sense of renormalized solutions. As
a consequence, ∫
Ω
̺ log ̺(τ)dx +
∫ τ
0
∫
Ω
̺divxudxdt =
∫
Ω
̺0,δ log ̺0,δdx. (3.133)
We then conclude from (3.132), (3.133) and the strict convexity of the mapping ̺ 7→ ̺ log ̺, ̺ >
0 that
̺ log ̺ = ̺ log ̺,
yielding, making use of its convexity again,
̺ε → ̺ a.e. in (0, T )× Ω. (3.134)
With the help of (3.134), the approximate momentum equation (3.118) is finally reformu-
lated as ∫ T
0
∫
Ω
[
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
pM,δ(̺, ϑ, b) +
a
3
ϑ4
)
divxφ
]
dxdt
=
∫ T
0
∫
Ω
S(ϑ,∇xu) : ∇xφdxdt−
∫
Ω
̺0,δu0,δ · φ(0, ·)dx, (3.135)
for any φ ∈ C∞c ([0, T )× Ω;R2).
In addition, by invoking (3.115), (3.103), (3.134), we let ε → 0 in (3.69) to obtain the
conservation of approximate total energy4:∫
Ω
[
1
2
̺|u|2 + ̺e(̺, ϑ) + 1
2
b2 + δ
(
̺Γ
Γ− 1 + ̺
2 +
bΓ
Γ− 1 + b
2
)]
(τ, x)dx
=
∫
Ω
[
1
2
̺0,δ|u0,δ|2 + ̺0,δe(̺0,δ, ϑ0,δ) + 1
2
b20,δ + δ
(
̺Γ0,δ
Γ− 1 + ̺
2
0,δ +
bΓ0,δ
Γ− 1 + b
2
0,δ
)]
dx
4With (3.115) and (3.134) at hand, pointwise convergence of {bε}ε>0 is verified immediately. Indeed, it
suffices to notice that
|bε − b| = |̺εζε − ̺ζ| = |̺εζε − ̺εζ + ̺εζ − ̺ζ| ≤ ̺ε|ζε − ζ|+ ζ|̺ε − ̺|.
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+
∫ τ
0
∫
Ω
δ
1
ϑ2
dxdt (3.136)
for a.e. τ ∈ (0, T ). By the same token, the balance of approximate entropy (3.107) is equal to∫ T
0
∫
Ω
(
̺s(̺, ϑ)∂tφ+ ̺s(̺, ϑ)u · ∇xφ
)
dxdt
−
∫ T
0
∫
Ω
[
κ(ϑ)
ϑ
+ δ
(
ϑΓ−1 +
1
ϑ2
)]
∇xϑ · ∇xφdxdt
+
〈
Σ(δ);φ
〉
= −
∫
Ω
̺0,δs(̺0,δ, ϑ0,δ)φ(0, ·)dx (3.137)
for any φ ∈ C∞c ([0, T )× Ω), φ ≥ 0 and Σ(δ) obeys (3.108).
3.4 Vanishing artificial pressure
At this level of approximation, we pass to the limit δ → 0, obtaining global weak solutions to
the original problem (1.10)-(1.16). Since this process is quite similar to the previous one, we
shall only present the sketch and point out the main differences.
3.4.1 Uniform-in-δ estimates
From Section 3.3 we know that there exists {(̺δ,uδ, bδ, ϑδ)}δ>0 solving the approximate equa-
tions of density (3.89), magnetic field (3.90), entropy (3.137), momentum (3.135) and total
energy (3.136). In this subsection, we denote by C generic positive constants independent of δ.
As a consequence of (3.8), (3.70)-(3.72), (3.80),
sup
τ∈(0,T )
∫
Ω
[
1
2
̺δ|uδ|2 +Hϑ(̺δ, ϑδ) +
1
2
b2δ + δ
(
̺Γδ
Γ− 1 + ̺
2
δ +
bΓδ
Γ− 1 + b
2
δ
)]
(τ, x)dx ≤ C,
(3.138)∫ T
0
∫
Ω
1
ϑδ
{
S(ϑδ,∇xuδ) : ∇xuδ +
[
κ(ϑδ)
ϑδ
+
δ
2
(
ϑΓ−1δ +
1
ϑ2δ
)]
|∇xϑδ|2
}
dxdt ≤ C, (3.139)
∫ T
0
∫
Ω
δ
1
ϑ3δ
dxdt ≤ C, (3.140)
C∗̺δ(t, x) ≤ bδ(t, x) ≤ C∗̺δ(t, x) for a.e. (t, x) ∈ (0, T )× Ω. (3.141)
In particular, there holds uniform-in-δ estimates:

sup
τ∈(0,T )
‖√̺δ uδ(τ)‖L2(Ω) + sup
τ∈(0,T )
‖ϑδ(τ)‖L4(Ω) ≤ C,
sup
τ∈(0,T )
‖̺δ(τ)‖Lγ(Ω) + sup
τ∈(0,T )
‖bδ(τ)‖L2(Ω) ≤ C,
sup
τ∈(0,T )
‖(̺δ, bδ)(τ)‖LΓ(Ω) ≤ Cδ−1/Γ,
‖∇x logϑδ‖L2((0,T )×Ω) + ‖∇xϑ3/2δ ‖L2((0,T )×Ω) ≤ C,
‖∇xuδ +∇txuδ − divxuδI‖L2((0,T )×Ω) ≤ C;
(3.142)
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whence, with the help of generalized Korn’s inequality (5.3) and generalized Poincare´ inequality
(5.2),
‖uδ‖L2(0,T ;W 1,2
0
(Ω)) ≤ C, (3.143)∥∥∥(ϑδ, ϑ3/2δ )∥∥∥
L2(0,T ;W 1,2(Ω))
≤ C, (3.144)
‖S(ϑδ,∇xuδ)‖L2(0,T ;L4/3(Ω)) ≤ C, (3.145)
‖ logϑδ‖L2(0,T ;W 1,2(Ω)) ≤ C. (3.146)
Furthermore, in analogy with (3.109), we may choose
φ(t, x) = ψ(t)B
(
̺
β
δ −
1
|Ω|
∫
Ω
̺
β
δ dx
)
, ψ(t) ∈ C∞c ((0, T ))
as a test function in (3.135) to find that∫ T
0
ψ
∫
Ω
(
p(̺δ, ϑδ) +
1
2
b2δ + δ
(
̺Γδ + ̺
2
δ + b
Γ
δ + b
2
δ
))
̺
β
δ dxdt ≤ C (3.147)
for some β > 0. The details are again omitted here for simplicity, see [8, 7].
Similar to (3.76)-(3.88), we infer from (3.138)-(3.147) that there exists (̺,u, b, ϑ) such that
as δ → 0,
̺δ → ̺ weakly − ∗ in L∞(0, T ;Lγ(Ω)), weakly in Lmax{γ+β,2+β}((0, T )× Ω), (3.148)
bδ → b weakly − ∗ in L∞(0, T ;L2(Ω)), weakly in Lmax{γ+β,2+β}((0, T )× Ω), (3.149)
uδ → u weakly in L2(0, T ;W 1,20 (Ω;R2)), (3.150)
ϑδ → ϑ weakly− ∗ in L∞(0, T ;L4(Ω)), (3.151)
C∗̺(t, x) ≤ b(t, x) ≤ C∗̺(t, x) for a.e. (t, x) ∈ (0, T )× Ω, (3.152)
̺δuδ → ̺u weakly − ∗ in L∞(0, T ;L
2max{2,γ}
max{2,γ}+1 (Ω)), (3.153)
̺δuδ ⊗ uδ → ̺u⊗ u weakly in Lp((0, T )× Ω), for some p > 1, (3.154)
bδuδ → bu weakly in Lp((0, T )× Ω), for some p > 1, (3.155)
‖δ(̺Γδ , ̺2δ, bΓδ , b2δ, ϑ−2δ )‖L1((0,T )×Ω) → 0. (3.156)
Therefore, we pass to the limits δ → 0 in (3.89)-(3.90), obtaining the equations of continuity
and magnetic field: ∫ T
0
∫
Ω
(
̺∂tφ+ ̺u · ∇xφ
)
dxdt+
∫
Ω
̺0,δφ(0, ·)dx = 0, (3.157)
∫ T
0
∫
Ω
(
b∂tφ+ bu · ∇xφ
)
dxdt +
∫
Ω
b0,δφ(0, ·)dx = 0, (3.158)
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for any φ ∈ C∞c ([0, T )× Ω). Next, letting δ → 0 in (3.135) gives the balance of momentum:∫ T
0
∫
Ω
[
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
pM (̺, ϑ, b) +
a
3
ϑ4
)
divxφ
]
dxdt
=
∫ T
0
∫
Ω
S(ϑ,∇xu) : ∇xφdxdt−
∫
Ω
̺0,δu0,δ · φ(0, ·)dx, (3.159)
for any φ ∈ C∞c ([0, T )× Ω;R2). To proceed, we pass to the limit δ → 0 in (3.136), attaining
the balance of total energy: ∫
Ω
(
1
2
̺|u|2 + ̺e(̺, ϑ) + 1
2
b2
)
(τ, x)dx
=
∫
Ω
(
1
2
̺0|u0|2 + ̺0e(̺0, ϑ0) + 1
2
b20
)
dx, (3.160)
for a.e. τ ∈ (0, T ).
3.4.2 Strong convergence of {ϑδ}δ>0
In order to pass to the limit in the approximate entropy equation (3.137), we notice first that
(3.144) and Sobolev’s embedding inequality show
‖ϑδ‖
L3(0,T ;L
3
2
q(Ω))
≤ C, for any 1 ≤ q <∞. (3.161)
Combining (3.161), the structural hypothesis (1.20) with the uniform-in-δ estimates obtained
so far,
‖(̺δs(̺δ, ϑδ), ̺δs(̺δ, ϑδ)uδ)‖Lp((0,T )×Ω) ≤ C, for some p > 1, (3.162)∥∥∥∥κ(ϑδ)ϑδ ∇xϑδ
∥∥∥∥
Lp((0,T )×Ω)
≤ C, for some p > 1. (3.163)
Moreover, in view of (3.139),
‖δ(ϑΓ−1δ , ϑ−2δ )∇xϑδ‖L1((0,T )×Ω) → 0. (3.164)
With these estimates, one then follows the same line as in Section 3.3.2, by Div-Curl lemma
and parameterized Young measures, to conclude
ϑδ → ϑ a.e. in (0, T )× Ω. (3.165)
Taking into account of (3.148)-(3.151), (3.162)-(3.165) and dropping the δ-dependent terms
in Σ(δ), we let δ → 0 in (3.137) to see that∫ T
0
∫
Ω
(
̺s(̺, ϑ) ∂tφ+ ̺s(̺, ϑ)u · ∇xφ+ q · ∇xφ
ϑ
)
dxdt
+
∫ T
0
∫
Ω
φ
ϑ
(
S(ϑ,∇xu) : ∇xu− q · ∇xϑ
ϑ
)
dxdt ≤
∫
Ω
̺0s(̺0, ϑ0)φ(0, ·)dx (3.166)
for any φ ∈ C∞([0, T )× Ω), φ ≥ 0.
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3.4.3 Strong convergence of {̺δ}δ>0
Clearly, it remains to show pointwise convergences of {(̺δ, bδ)}δ>0. Basically, this is finished
as before with the aid of variable reduction5. More specifically, we first set
pM (̺, ϑ, b) := pM (̺, ϑ) +
1
2
b2
= ̺γ + ̺ϑ+
1
2
b2,
ζδ :=
{
bδ
̺δ
if ̺δ > 0,
C∗+C
∗
2 if ̺δ = 0,
ζ :=
{
b
̺ if ̺ > 0,
C∗+C
∗
2 if ̺ = 0,
and rewrite pM (̺, ϑ, b) in an equivalent form
PM (̺, ϑ, ζ) = ̺γ + ̺ϑ+ 1
2
ζ2̺2.
As a consequence,
pM (̺δ, ϑδ, bδ) = PM (̺δ, ϑδ, ζδ)
= PM (̺δ, ϑδ, ζδ)− PM (̺δ, ϑ, ζ) + PM (̺δ, ϑ, ζ). (3.167)
Similar to Lemma 3.2, it still holds the following crucial estimate at this level∫
Ω
̺δ|ζδ − ζ|p(τ, ·)dx→ 0 (3.168)
for any τ ∈ [0, T ] and any 1 ≤ p <∞; whence∫ T
0
∫
Ω
|PM (̺δ, ϑδ, ζδ)− PM (̺δ, ϑ, ζ)| dxdt
≤ C
(∫ T
0
∫
Ω
̺δ|ϑδ − ϑ|dxdt +
∫ T
0
∫
Ω
̺2δ |ζδ − ζ|dxdt
)
→ 0 as δ → 0, (3.169)
due to (3.148) and (3.165). Thus, the balance of momentum (3.159) may be reformulated as∫ T
0
∫
Ω
[
̺u · ∂tφ+ ̺u⊗ u : ∇xφ+
(
PM (̺, ϑ, ζ) + a
3
ϑ4
)
divxφ
]
dxdt
=
∫ T
0
∫
Ω
S(ϑ,∇xu) : ∇xφdxdt−
∫
Ω
̺0,δu0,δ · φ(0, ·)dx, (3.170)
for any φ ∈ C∞c ([0, T )× Ω;R2).
5Compared with the compressible Navier-Stokes system [8], full compressible two-fluid model [13], our MHD
model naturally gives better integrability of the approximate densities {̺δ}δ>0, due to the nice integrability
property of appoximate magnetic fields {bδ}δ>0 and the domination condition (3.141).
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To proceed, let {Tk(z)}k≥1 be a sequence of cut-off functions
Tk(z) = kT
(z
k
)
,
for some smooth concave function T (z) on [0,∞) obeying
T (z) =
{
z if 0 ≤ z ≤ 1,
2 if z ≥ 3.
Following step by step the proof of Lemma 3.3, with slight modifications, we also obtain the
“effective viscous flux identity” at this level:
PM (̺, ϑ, ζ)Tk(̺)− PM (̺, ϑ, ζ) Tk(̺) = µ(ϑ)
(
Tk(̺)divxu− Tk(̺) divxu
)
(3.171)
a.e. in (0, T )× Ω. In view of (3.143) and (3.148),
̺δ ∈ Lmax{γ+β,2+β}((0, T )× Ω), uδ ∈ L2(0, T ;W 1,20 (Ω;R2)). (3.172)
Based on (3.172), we apply the renormalization theory of transport equation due to DiPerna
and Lions (see [4]) to the approximate continuity equation (3.89) to infer that∫ T
0
∫
Ω
(
̺Lk(̺) ∂tφ+ ̺Lk(̺)u · ∇xφ− Tk(̺)divxuφ
)
dxdt
= −
∫
Ω
̺0Lk(̺0)φ(0, ·)dx; (3.173)
similarly, ∫ T
0
∫
Ω
(
̺Lk(̺) ∂tφ+ ̺Lk(̺)u · ∇xφ− Tk(̺)divxuφ
)
dxdt
= −
∫
Ω
̺0Lk(̺0)φ(0, ·)dx, (3.174)
for any φ ∈ C∞c ([0, T )× Ω) and Lk(̺) is defined by
Lk(̺) =
∫ ̺
1
Tk(z)
z2
dz.
Combining (3.173) and (3.174), we arrive at∫
Ω
(
̺Lk(̺)− ̺Lk(̺)
)
(τ)dx +
∫ τ
0
∫
Ω
(
Tk(̺)divxu− Tk(̺) divxu
)
dxdt
=
∫ τ
0
∫
Ω
(
Tk(̺)divxu− Tk(̺) divxu
)
dxdt (3.175)
for a.e. τ ∈ (0, T ). On the one hand, by (3.165), (3.171) and the monotonic increasing of
PM (̺, ϑ, ζ) with respect to ̺, it holds
Tk(̺)divxu− Tk(̺) divxu ≥ 0 (3.176)
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a.e. in (0, T )× Ω. On the other hand, it is easy to check, using the definition of Tk(·), that as
k →∞
Tk(̺)→ ̺, Tk(̺)→ ̺ strongly in L1((0, T )× Ω). (3.177)
Observe next that
‖Tk(̺)− Tk(̺)‖Lmax{γ+β,2+β}((0,T )×Ω)
≤ lim
δ→0
inf ‖Tk(̺)− Tk(̺δ)‖Lmax{γ+β,2+β}((0,T )×Ω)
≤ C uniformly in k, δ, (3.178)
in accordance with (3.148). We then deduce from (3.150), (3.177) and (3.178) that∫ τ
0
∫
Ω
(
Tk(̺)divxu− Tk(̺) divxu
)
dxdt→ 0 as k →∞,
which together with (3.175), (3.176) yields, upon passing k →∞,
̺δ → ̺ a.e. in (0, T )× Ω. (3.179)
In particular, pointwise convergence of {bδ}δ>0 is verified as in the footnote of equation (3.136).
The proof of our main Theorem 2.1 is finished completely.
4 Concluding remarks
• The structural hypotheses imposed in Section 1.2 is just to simplify the presentation.
Indeed, the strategy adopted in this paper allows us to treat more general case, such as:
µ = µ(ϑ) ∼ (1 + ϑα), 0 ≤ η = η(ϑ) ≤ η1(1 + ϑα),
κ = κ(ϑ) = κM (ϑ) + κR(ϑ), κM (ϑ) ∼ (1 + ϑα), κR(ϑ) ∼ (1 + ϑ3),
with suitable α ∈ (0, 1].
• In order to prove the existence of global weak solutions with finite energy initial data to
multi-dimensional compressible, viscous, non-resistive full MHD system, we consider the
case where the motion of fluids takes place in the plane, while the magnetic field acts
on the fluids only in the vertical direction. Under this symmetry, the magnetic equation
without resistivity reduces to the continuity equation, transported by the same velocity
field like the density. Then we are allowed to invoke the techniques from compressible
two-fluid model and full Navier-Stokes system so as to construct weak solution through
three-level approximations. However, for the general 2D/3D compressible, viscous, non-
resistive isentropic/full MHD system, the existence of global weak solutions with large
initial data remains completely open.
Acknowledgements
The research of Y. Sun is supported by the NSF of China under grant numbers 11571167,
11771395, 11771206 and PAPD of Jiangsu Higher Education Institutions.
Conflicts of interest
The authors declare that they have no conflicts of interest.
35
Global weak solutions to 2D full non-resistive MHD Y.Li and Y.Sun
5 Appendix
For convenience of the reader, we list some necessary mathematical tools in this appendix
without giving the detailed proofs.
5.1 Helmholtz function
Let ̺, ϑ > 0. The Helmholtz function is defined as
Hϑ(̺, ϑ) := ̺e(̺, ϑ)− ϑ̺s(̺, ϑ).
There holds:
• the mapping ̺ 7→ Hϑ(̺, ϑ) is strictly convex for any ̺ > 0;
• the mapping ϑ 7→ Hϑ(̺, ϑ) is decreasing on (0, ϑ), while increasing on (ϑ,∞);
• coercivity property:
Hϑ(̺, ϑ) ≥
1
4
(
̺e(̺, ϑ) + ϑ̺|s(̺, ϑ)|)− ∣∣∣∣(̺− ̺)∂H2ϑ∂̺ (̺, 2ϑ) +H2ϑ(̺, 2ϑ)
∣∣∣∣ (5.1)
for any ̺, ϑ > 0.
The above properties of Helmholtz functions are proved essentially based on Gibbs’ relation
(1.7) and thermodynamic stability conditions (1.8). The interested reader may consult [7] for
the details.
5.2 Generalized Poincare´ inequality
Let N ≥ 2 be an integer and 1 ≤ p ≤ ∞ and Ω ⊂ RN be a bounded Lipschitz domain. Suppose
also that 1 < p˜ < ∞ and Ω′ ⊂ Ω is measurable with |Ω′| > 0. Then there exists C > 0
depending only on p, p˜,Ω′ such that
‖u‖W 1,p(Ω) ≤ C
(‖∇xu‖Lp(Ω) + ‖u‖Lp˜(Ω′)) (5.2)
for any u ∈ W 1,p(Ω).
We refer to Theorem 10.14 in Ref. [7] for the proof.
5.3 Generalized Korn’s inequality
Let N ≥ 2 be an integer and 1 < p <∞. Then there exists C > 0 depending only on p,N such
that
‖∇xU‖Lp(RN ) ≤ C
∥∥∥∥∇xU+∇txU− 2N divxUI
∥∥∥∥
Lp(R
N
)
(5.3)
for any U ∈ W 1,p(RN ;RN ). Moreover, assuming that Ω ⊂ RN is a bounded Lipschitz domain,
it also holds for some C > 0 depending only on p,N,Ω that
‖∇xU‖Lp(Ω) ≤ C
∥∥∥∥∇xU+∇txU− 2N divxUI
∥∥∥∥
Lp(Ω)
(5.4)
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for any U ∈ W 1,p0 (Ω;RN ).
The proof of (5.3) may be found in Theorem 10.16 in Ref. [7]; whence (5.4) follows imme-
diately.
5.4 Div-Curl lemma
Let N ≥ 2 be an integer and Ω ⊂ RN be open. Suppose that
fn → f weakly in Lp(Ω;RN),
gn → g weakly in Lq(Ω;RN ),
with
1
p
+
1
q
=
1
r
< 1.
Suppose also that
{divxfn}n≥1, {curlxgn}n≥1
are precompact in W−1,p˜(Ω) for some p˜ > 1. Then we have
fn · gn → f · g weakly in Lr(Ω).
We refer to Theorem 10.21 in Ref. [7] for the proof.
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